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Abstract 

Laboratory experiments were performed to determine the effective oxygen diffusion 

coefficient for a polymer geomembrane. Such geomembranes are commonly employed to 

limit oxygen supply to reactive tailings deposits, thereby reducing acidification and other 

undesirable chemical transformations. The experiments used a simple chamber+membrane 

apparatus, together with an on-line oxygen sensor positioned within the chamber. Oxygen 

breakthrough curves, measured over several weeks for a high density polypropylene (HDPP) 

membrane, were fitted with a new analytical model parameterised by the membrane diffusion 

coefficient, chamber leakage and oxygen sensor consumption. The analytical model provided 

close fits to the data, and was also able to yield estimates of the oxygen consumption rate of 

the on-line sensor. The indicated value for the oxygen diffusion coefficient of the HDPP 

geomembrane was 4.6 ± 1.3 x 10-8 cm2 s-1. This value was coupled with a simple physical 

model to deduce effective diffusion coefficients for composite HDPP-bentonite geosynthetic 

clay liners. The results show high sensitivity to bentonite water saturation, in line with earlier 

findings. 
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Introduction 

The problem of managing the geochemical fates of reactive soils and industrial tailings 

is of global significance. For example, there are an estimated 12 million hectares of acid 

sulphate soils in the world [1], and in Canada alone there are 200 million tones of sulphidic 

industrial tailings [2]. Where possible, recent management plans for such reactive tailings 

involve emplacing the tailings in dewatered soil profiles and using geotechnical or other 

means to limit oxygen ingress to the tailings, thereby reducing acid production to levels 

deemed to be acceptable in an environmental sense. Single-material geoliners, e.g. liners 

consisting of soil, clay or synthetic materials, represent a useful technology for limiting 

supply of oxygen and other chemical compounds, and their physicochemical properties are 

reasonably well studied [3,4]. However these liners may be ineffective and costly, and there 

are still questions surrounding the ageing characteristics of the popular polymeric 

geomembranes [5], although their physical properties may be stable over the short to medium 

term [6]. When emplaced over a tailings facility, they act to reduce vertical oxygen fluxes to 

the tailings; the effect may be augmented by the intrinsic oxygen mineralisation 

characteristics of the surrounding soil profile. 

In developing representative models of the reaction dynamics of sulphidic tailings 

facilities, quantifying the oxygen pathways and fluxes is critical. Where geomembranes are 

employed, numerical simulation becomes problematic due to the disparity in spatial and 

temporal scales between the dynamics in the thin geomembrane and the much larger tailings 

system. Special simulation techniques may be required and, accordingly, it is important to 

supply these techniques with accurate estimates of geomembrane properties. Recently, most 

interest was focused on the hydraulic properties of geomembranes [7-9], however gas 

permeability characteristics are now also salient [10-12]. This paper presents results of an 

experimental study of the diffusion characteristics of a polymer geomembrane used in an 

industrial site near Perth, Western Australia. Estimates of effective diffusion coefficient for 
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the geomembrane are obtained using a simple diffusion chamber apparatus, together with 

long-term on-line monitoring of oxygen concentration and nonlinear regressions. 
 
 
 

 
 
 

 
Figure 1: Schematic of the diffusion chamber apparatus. The cylindrical 
chamber+membrane assembly is shown in cross section. The assembly is 
immersed in a controlled atmosphere and connected to an external data logger. 
 

 

Experimental Apparatus and Methods 

An apparatus was constructed to determine the flux rate of oxygen through different 

membrane materials. The materials considered were stainless steel (hereafter referred to as 

the metal membrane) and a high density polypropylene (HDPP) membrane. A schematic of 

the apparatus is shown in Fig. 1. The apparatus was constructed from thick acrylic plastic 

(polymethylmethacrylate) with a Figaro oxygen sensor (KE 25) countersunk so the sensor 

was flush with the base of the gas chamber. The gas chamber volume was 18.3 ± 0.3 cm3 

(gravimetrically determined), with an exposed surface area to the atmosphere of 38.5 ± 0.5 

cm2. The chamber depth was 0.48 ± 0.05 cm. A gas-tight seal between the gas chamber and 

the material tested was constructed using a viton O-ring. The apparatus and membrane 
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materials were stored anaerobically for 1 to 2 weeks prior to experiments, which were carried 

out at room temperature.  

For the experiments either a 1.0 mm thick stainless steel sheet or a 0.75 ± 0.15  mm 

thick HDPP sheet (Nylex Millennium polypropylene) was attached to the apparatus under 

anaerobic conditions, and then the apparatus was exposed to an aerobic (21% oxygen) 

atmosphere. In both experiments (metal and HDPP), oxygen sensor response data were 

collected at 2 min intervals and stored using a CSIRO data logger.  
 
 
 
 

 
 
 

Figure 2: Breakthrough data (squares) and least-squares estimate curve (solid 
line) for the metal membrane experiment. For clarity, only every 30th data point is 
shown. The first 1099 data points were excluded from the regression. 
 

Analysis of Results 

Development of the Breakthrough Model 

Figures 2 and 3 show oxygen breakthrough curves measured in the enclosed chamber 

for the cases where the membrane is impervious (metal membrane, Fig. 2), and permeable 

(HDPP membrane, Fig. 3). All chamber concentrations, denoted by v, are normalized by the 

external atmospheric equlibrium conentration, denoted by uatm. All ordinate axes are 

normalized with respect to atmospheric oxygen concentrations. Figures 2 and 3 show almost 
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immediate breakthroughs of oxygen into the chamber. The long time scale of equilibration is 

important, as is the fact that in both 

 

 
 

Figure 3: Breakthrough data (squares) and least-squares estimate curve (solid 
line) for two HDPP membrane experiments. For clarity, only every 200th data 
point is shown. Part (a) shows data and fitted curve for a five-week experiment, 
while part (b) shows data for a separate three-week experiment together with the 
fitted curve from part (a). 

 

experiments the equilibrium chamber concentration is less than atmospheric concentration. 

These observations indicate that the breakthrough curves embody effects associated with (i) 

oxygen flux through the membrane (taken to be zero for the metal membrane experiment), 

(ii) a lumped �leakage� flux representing the combined effect of all other pathways by which 

oxygen may enter the chamber, and (iii) an oxygen loss mechanism due to consumption by 

the sensor. While these fluxes and rates are very low, as is evidenced by the long 
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equilibration times of the breakthrough curves, the rate of diffusive redistribution of oxygen 

once it is inside the chamber is relatively rapid and the oxygen concentration in the chamber 

can be regarded as well-mixed.  

Appendix A presents a model of breakthrough dynamics based on this well-mixed 

chamber approximation. The resulting breakthrough function (eq A.16) is parameterised by a 

group of transport parameters � the membrane diffusion coefficient, D, the leakage rate 

parameter, r, and the sensor consumption rate, s � as well as two geometric parameters � the 

membrane thickness, h, and chamber length, L. A feature of the breakthrough function is that 

for low D, zero r and large h the breakthrough is significantly delayed. A drawback of the 

model is that it is physically ill-posed, in that the leakage and membrane diffusion terms are 

closely related. Greatest discrimination between these fluxes occurs where membrane 

breakthrough is slow (i.e. where membrane thickness is large and diffusion coefficient is 

small), in which case early chamber breakthroughs may be attributed to leakage. 

Unfortunately, the oxygen sensor is least accurate for small concentrations in the vicinity of 

the detection limit, which may lead to difficulty in correctly apportioning the observed 

chamber influx between the membrane diffusion and chamber leakage processes. 

Mathematically, this ill-posed behaviour is manifested in the presence of a number of 

feasible, if not always realistic, extrema in the least-squares objective function used in 

regressions of the breakthrough function against measured data. Fortunately, existing 

literature values may be used as a guide in choosing the appropriate extremum. 

Nonlinear Regression Methodology 

In principle, the breakthrough function permits simultaneous estimation of the effective 

membrane diffusion coefficient and the leakage and consumption rates. In practice this was 

achieved by the following numerical means. First, the evaluation of the breakthrough 

function v(t)/uatm was automated by employing a Newton-Raphson method [13] over an 

irregular grid to locate the first twenty pole points αn. In practice, only ten poles were 
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required due to the rapidly convergent nature of the summation for t > 0 in eq (A.16). Then, 

this numerical breakthrough function was coupled to the experimental data in a least-squares 

objective function, which was minimised using a standard nonlinear regression routine. All 

calculations were performed with double precision Fortran arithmetic in order to maintain 

acceptable precision, especially in the determination of pole points (the Fortran code is 

available from the authors on request). The on-line nature of the oxygen sensor provided 

many breakthrough data points at negligible cost, leading to excellent statistics in the 

regressions. Confidence intervals for the p estimated parameters over n data points were 

constructed using the general linear approximation 

 

2/,
�

αθθ pniiii tP −≤−        (1) 

where iθ�  is the least-squares estimate of parameter iθ , iiP  is the square root of the i-th 

diagonal of the asymptotic covariance matrix and estimates the asymptotic parameter 

standard error iσ , and 2/,αpnt −  is the upper α/2 quantile for the t-distribution with n-p 

degrees of freedom. 

Precision of Regressions 

In this section the size of uncertainty measures for the nonlinear regressions are 

explored for each of the three experiments for fixed (mean) values of the geometric quantities 

h and L. For the metal membrane experiment, D was assumed to be zero and the 

breakthrough curve of eq (A.18) was fitted to the data. The purpose of this was to gain an 

approximate estimate of the leakage rate r for the Viton ring seal method, which is used in 

both metal and HDPP membrane experiments. Figure 2 shows that at early times the 

breakthrough data (squares) are noisy, which may be due to two effects. Firstly, the oxygen 

sensor may experience detection limit problems for such low concentration levels. Secondly, 

the raw sensor voltage output is converted to oxygen concentrations using a single calibration 
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curve determined as a best fit over the range from non-detect to atmospheric oxygen 

concentration. This best-fit curve is most accurate for higher concentrations. Accordingly, the 

first 1100 data points of the breakthrough curve were ignored during the least-squares 

process, leaving 3245 points for regression. Table 1 shows that the 95% confidence intervals 

on the resulting r and s parameters are extremely tight. The corresponding breakthrough 

curve is also drawn on Fig. 2 (solid line), showing good agreement with the measured data. 

 

 
 

Membrane 
Degrees of 
Freedom 

(n,p) 

D 
(cm2 s-1) 

r 
(10-7 s-1) 

s 
(10-7 s-1) 

 
Metal 
Eq (A.18) 
 

 
(3245,2) 

 
- 

 
1.01 ± 0.00 

 
50.71 ± 0.21 

 
HDPP           (D,s) 
Eq (A.16)   (D,r,s) 

 

 
 (27359,2) 
(27359,3) 

 
4.49 ± 0.01 x 10-8 
3.82 ± 0.09 x 10-9 

 
0.00a 

11.5 ± 0.0 

 
2.18 ± 0.01 
2.14 ± 0.01 

 
Table 1: Estimated transport parameter values D, r and s for the two experiments. 
Reduced-parameter regressions for HDPP are explained in the text. Linear 95% 
confidence intervals are supplied for each parameter estimate. a Value held 
constant.  

 

For the HDPP experiment all three parameters (D,r,s) may be non-zero. Several 

regression methods were used. Performing a single parameter fit for D with r and s fixed at 

the metal experiment values resulted in an unacceptably poor result (not shown). As an 

alternative, the problem was reduced to a two-parameter regression as follows. Since the 

viton O-ring is in contact with the HDPP membrane at the seal, it is assumed that under 

mechanical pressure against the rigid chamber structure the seal will effectively act as a 

compressed HDPP membrane. Thus, the leakage rate r is assumed to be zero, with all flux 

into the chamber attributed to diffusion through the HDPP membrane. In this way, the 

problem is reduced to a regression over the D and s parameters. As a final alternative, a full 

three-parameter regression was attempted directly. Table 1 gives results for these various 



CSIRO Land and Water Technical Report 37/01  Geomembrane Oxygen Diffusion Coefficient 

 9

regressions for the HDPP experiment. Again, the confidence intervals are tight, as is 

evidenced by the close agreement between the two- and three-parameter fit curves and the 

measured data (see Fig. 3). Figure 3 also shows the identical two-parameter best-fit curve 

plotted against a repeat of the HDPP experiment over a shorter time.  

Agreement is reassuringly close, although the parameter estimates for the different 

regressions show interesting trends. Table 1 shows that the fitted sensor consumption rates, s, 

are similar for the two- and three-parameter regressions, at approximately 2.15 ± 0.05 x 10-7 

s-1. However, the D coefficients for HDPP differ by an order of magnitude, with inclusion of 

the leakage term in the regression leading to a much smaller diffusion coefficient, being 

similar to a value recently reported for an acrylic polymer [14]. The fitted values of D of 4.5 

x 10-8 cm2 s-1 (two parameter fit) and 3.8 x 10-9 cm2 s-1 (three parameter fit) may be compared 

with literature values. Electrochemical [15] and luminescence-quenching [16,17] studies 

indicate the typical range 10-8 to 10-6 cm2 s-1 for oxygen diffusion coefficients in various 

polymers. In a study related to food packaging, Dibelo et al. [18] found a value for the 

oxygen diffusion coefficient of standard-density polypropylene films of 2.9 x 10-8 cm2 s-1, 

and Eken et al. [19] reported values ranging from 0.9 to 7.2 x 10-7 cm2 s-1 for γ-irradiated 

polypropylene films. However, for HDPE, Epacher et al. [20] supplies a series of references 

dating from 1961 supporting a value of 1.7 x 10-7 cm2 s-1, which is significantly higher than 

the value for standard density polypropylene from Dibelo et al. [18]. Van Krevelen [21] 

provides activation energies for polypropylene, which may be used in an Arrhenius relation 

to obtain a range of 0.67 to 8.1 x 10-7 cm2 s-1 for the oxygen diffusion coefficient. On this 

basis, the three-parameter estimate for D (and thus for r) may be rejected as being 

unreasonably low, probably due to the common parameterisation of the diffusion and leakage 

terms mentioned earlier. The two-parameter estimate lies just below the range indicated by 

van Krevelen (21), but higher than the value of Dibelo et al. [18]. Hence the two-parameter 

estimate (4.5 x 10-8 cm2 s-1) is congruent with previous analyses and is taken as representative 
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for HDPP in this experiment. Also, the table shows that the sensor consumption rate in the 

HDPP experiment is twenty-five times lower than in the metal experiment. This may signify 

that the first-order consumption model is inaccurate over the full concentration range 

encountered in the metal and HDPP experiments. It is held that the sensor consumption rate 

value 2.15 ± 0.05 x 10-7 s-1 is representative for normalized oxygen concentrations of the 

order of unity, i.e. at atmospheric oxygen concentrations. 

 

 
 

Experiment 
Transport 
Parameter 

 
Varying L 

 
Varying h 

 
Varying L, h 

 
 

HDPP 

 
 
D (10-8 cm2 s-1) 

L ∈ (4.43, 5.11) 
 

(4.21, 4.80) 

h ∈ (0.60, 0.90) 
 

(3.53, 5.49) 

 
 

(3.31, 5.86) 
 s (10-7 s-1) (2.20, 2.16) (2.12, 2.23) (2.11, 2.26) 

     
 

Table 2: Effect of geometric parameter uncertainty on least-squares estimates of 
the transport parameters D, r and s for the HDPP experiment. Three-parameter 
regressions were performed using L and h at the extrema of their measurement 
uncertainties to obtain absolute error measures for the transport parameters.  

 

Influence of Uncertainty in the Geometric Parameters 

The previous section demonstrated that the proposed breakthrough model was able to 

reproduce the features of the observed HDPP data reasonably precisely, with the large 

numbers of data points contributing to tight confidence intervals in the least-squares estimates 

for the transport parameters. Unfortunately, the true error measures for the experiments are 

more substantial. Absolute measurement error in the chamber length parameter, L, is 

estimated at 5%, whilst typical tolerances for polymer assemblies are between 10 and 20%. In 

order to account for the effects of these uncertainties, HDPP regressions were carried out 

over the full range of geometric parameter values, taken individually and together. Results 

are presented in Table 2 for the HDPP experiment. Note that for the last column in the table, 

the quoted parameter ranges were determined from the four corner points of the 
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(Lmin,Lmax)x(hmin,hmax) region and the individual parameter ranges (previous columns). Due to 

the nonlinearity in these parameters of the least-squares objective function, these ranges may 

not truly represent the full range of transport parameter values over the geometric region. 

Mapping the true intervals is computationally expensive, so Table 2 contains the eight-point 

approximations to the intervals. 

For the HDPP experiment, the regressions show that D is sensitive to the variations in 

membrane thickness h, but not to the variations in chamber length L, while s is insensitive to 

changes in h and L. Allowing h and L to vary simultaneously makes little difference to the 

intervals calculated by varying h alone, with the uncertainty in D estimated at approximately 

30% for this experiment. The recommended oxygen diffusion coefficient value for HDPP is 

4.6 ± 1.3 x 10-8 cm2 s-1. These geometric uncertainties are not unreasonable, especially 

considering that practical field geomembranes must be fabricated to cover areas of tens of 

hectares or more. In such circumstances it would be unlikely that finer fabrication tolerances 

could be met.  

 

Composite Bentonite-HDPP Geomembranes 

Composite liners are specially fabricated to impede specific compounds. For example, a 

composite liner comprising a thin polymer layer and a thicker clay layer may impede oxygen 

flux whenever the clay is at least partially saturated. When emplaced over a tailings facility, 

they act to reduce vertical oxygen fluxes to the tailings; the effect may be augmented by the 

intrinsic oxygen mineralisation characteristics of the surrounding soil profile. Here the 

effective diffusion coefficient for a composite bentonite-HDPP geoliner is considered. In 

particular, data for a Bentofix 2000X bentonite-impregnated membrane (7.2 ± 1.4 mm thick, 

porosity 0.6 ± 0.05, density 1.17 ± 0.05 g cm-3) are used. Of critical importance is the 

saturation state of the bentonite. Higher water saturations lead to smaller diffusion 

coefficients. Didier et al. [11] show that moderate variations in bentonite water content can 
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lead to variations in permeability of several orders of magnitude, while Aubertin et al. [10] 

use an empirical tortuosity formulation to map the variation of diffusion coefficient with 

water saturation. Their model reduces to 

 

2

22

2

22

n
DK

n
DD

y
wmol

wH

x
amol

abentonite

++

+=
θθ

       (2) 

where the water saturation S = θw/n = (n-θa)/n is expressed in terms of the volumetric 

bentonite air and water fractions θa and θw, and the porosity n. KH is Henry�s coefficient 

(0.03), and the molecular oxygen diffusion coefficients in air and water are assumed to be 

[10] mol
aD  = 1.8 x 10-1 cm2 s-1 and mol

wD  = 2.5 x 10-5 cm2 s-1, respectively. The exponents x 

and y are found to lie in the range 0.6 to 0.75, and may be assumed to be equal. Figure 4 

shows that the bentonite diffusion coefficient decreases by three orders of magnitude as water 

saturation changes from 0 to 1, and is approximately 10-6 cm2 s-1 when fully saturated. The 

quoted uncertainties in porosity yield variations of similar sizes to those for the exponent 

ranges in Fig. 4. 

 

 

Figure 4: Variation of bentonite diffusion coefficient with water saturation S. 
Curves are shown for the representative range of tortuosity exponent x (= y). 
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Figure 5: Variation of the composite diffusion coefficient with water saturation S. 
The solid line shows the mean estimate, while the dashed lines represent the 
bounds of the experimental accuracy, based on absolute measurement errors. 

 

The asymptotic (lower bound) diffusion coefficient for the bentonite membrane is thus 

at least an order of magnitude higher than the HDPP value, but the usually greater thickness 

of the bentonite membrane will improve its performance as an oxygen barrier. The 

contributions of the bentonite and HDPP layers to the effective liner diffusion coefficient can 

be estimated using the parallel relationship [22, p.47] 

 

bentonite

bentonite

HDPP

HDPP

composite

composite

D
h

D
h

D

h
+=       (3) 

where bentoniteHDPPcomposite hhh += . With the mean values hcomposite = 7.95 mm, hHDPP = 0.75 

mm, hbentonite = 7.2 mm together with the recommended value for DHDPP and the tortuosity 

model of Aubertin et al. [10], leads to estimated values for the diffusion coefficient of oxygen 

in the composite geomembrane as shown in Fig. 5 (solid line). An obvious result is that 

unless the bentonite saturation is very high (≈1), the bentonite layer does not materially 

influence the diffusion coefficient of the composite sheet, as has been established elsewhere 

[10]. The dashed lines in Fig. 5 show the absolute variation in the estimated value due to 

uncertainties in the geometric parameters, in DHDPP and the x and y exponents. 
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Summary 

In summary, experimental diffusion data was interpreted in terms of a chamber 

breakthrough model parameterized by membrane diffusion coefficient, sensor consumption 

and chamber leakage. It was found that the membrane diffusion and chamber leakage were 

mathematically dependent, leading to inaccurate estimates for the associated parameters 

during regressions. Eliminating the chamber leakage parameter from the regressions yielded a 

diffusion coefficient for HDPP in line with literature values. As a by-product of the 

regressions, the intrinsic oxygen consumption rate of a popular electrochemical sensor was 

also determined. Major contributions to uncertainty of these oxygen diffusion coefficients 

arise from uncertainties in the geometric parameters of the experiment, e.g. membrane 

thickness and chamber length. Taking these into account leads to reasonably accurate 

effective diffusion coefficients for the HDPP material. These values were applied to a simple 

composite diffusion model to gain estimates of the effective diffusion coefficient for a 

composite HDPP-bentonite geosynthetic clay liner. This model highlights the sensitivity of 

the composite geoliner diffusion coefficient to bentonite water saturation.  For most 

saturations less than unity, Dbentonite is high, and the composite diffusion coefficient is 

approximately equal to the DHDPP x hbentonite/hHDPP. Only at the highest saturations does the 

decline in Dbentonite lead to reductions in Dcomposite. 
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Appendix A – Detailed Breakthrough Model 

The problem of a one-dimensional slab (i.e. the barrier in the present context) in contact 

with a well-mixed chamber is considered, using the approach of Carslaw and Jaeger [23, pp. 

311-313]. Concentrations in the slab and chamber are denoted u(x,t) and v(t), respectively. 

The slab, of thickness h and initially at zero concentration, is in contact at x = 0 with constant 

(atmospheric) concentration uatm and at x = h with a well-mixed chamber (length L and cross 

section A) initially at zero concentration. The slab (barrier) diffusion coefficient is D. Oxygen 

diffuses through the slab into the chamber, and the chamber concentration is affected by other 

source (leakage) and sink (sensor consumption) terms. Leakage is modeled as a diffusive 

process, with leakage flux proportionate to the difference in concentration between the 

chamber and the external atmosphere. The leakage rate constant is r. Similarly, the 

consumption dynamics of the electrochemical sensor are represented by a first-order term 

with rate constant s. Physically, this describes a sensor that utilizes oxygen in proportion to 

the local oxygen concentration, i.e. at low concentrations only small amounts of oxygen are 

consumed per unit time, and at high concentrations higher amounts are consumed per unit 

time. No analytical solutions for this system are extant in the literature. The equations 

governing the dynamics are  

 

atmutuxu
x

uD
t
u

==
∂

∂
=

∂

∂ ),0(;0)0,(;
2

2
     (A.1) 

( ) 0)0(; =−−+
∂

∂
−=

=
vvLAsvvLAr

x
uDA

dt
dvLA atm

hx
   (A.2) 

As only the effective diffusion coefficient of the barrier is of interest, partitioning effects are 

neglected (see ref. 24 for a similar application involving partitioning) and the equation system 

is completed by specifying continuity relationships between u and v, i.e. 
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atmatm vutvthu == ;)(),(        (A.3) 

The solution of the equation system proceeds by substituting eq (A.3) into (A.2), and taking 

Laplace transformations [25] of eqs (A.1) and (A.2), yielding 

 

puu
dx

udDup atm /)0(tosubject
2

2
==      (A.4) 

purLhursL
dx
udDhuLp atm

hx
/)()()( ++−−=

=
    (A.5) 

where )(xu is the Laplace transformation of u(x,t). In this notation, )(xu has implicit 

dependence on the transformation variable p. For D ≠ 0, the solution of eq (A.4) is 

 

qx
p

u
qxxu atm coshsinhB)( +=       (A.6) 

with Dpq /2 = . The integration constant B is fixed by satisfying eq (A.5), yielding, after 

algebra,  

 

qhqDqhsrpL
qxrLhxqsrpLhxqqD

p
u

xu atm

coshsinh)(
sinh)(sinh)()(cosh)(

+++

+−++−−
=   (A.7) 

In order to recover the temporal solution u(x,t), it remains to perform the inverse Laplace 

transformation on eq (A.7). This is most easily accomplished by invoking the Inversion 

Theorem [23, p. 302], which states 

 

∫
Γ

= dpxue
i

txu pt )(
2

1),(
π

       (A.8) 

where Γ is a contour in the complex plane chosen large enough to ensure that it encloses all 

poles of the integrand. With this choice, and using convergence properties of the integrand 

for large p, eq (A.8) reduces via the Residue Theorem to [26, p. 403] 
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( )∑=
n

pt xuetxu )(Res),(        (A.9) 

where the summation is over all the poles of the integrand, and Res( ) is the residue operator. 

The poles are most easily identified by making the transformation αiq= , and thus 

2αDp −= . Eq (A.7) then becomes 

 

hDsrLhD
hxDhxDsrLxrL

D
uxu atm

αααα
ααααα

α sin)(cos
)(cos)(sin)(sin)(

2

2

2 −++

−+−−+−
−=  (A.10) 

Poles occur at α = 0, and where 

 

0sin)(cos 2 =−++ hDsrLhD αααα      (A.11) 

or, equivalently, 

 

( )2
tan

α
αα
DsrL

Dh
−+

−
=        (A.12) 

The roots of eq (A.12) are transcendental and form a denumerably infinite set of pole points 

{αn}, n=1,2,� They are easily determined numerically for given values of the system 

parameters D, h, r, s, L. It remains to calculate the residues of eq (A.7) at the pole points. This 

often laborious task is facilitated through the use computer algebraic techniques. 

Consider the (steady state) pole at α = 0. This can be shown to be a simple pole and, 

hence, the corresponding residue is  

 
[ ]{ }

hsrLD
xhsrhLDu

xuepp
atmpt
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)(0
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++

−++
=→     (A.13) 
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For the n-th pole at p = -Dαn
2, the integrand of eq (A.7) may be expressed as g(p)/h(p) where 

h(-Dαn
2) = 0, but neither g nor h' are zero at the pole. Therefore [26, p. 213] the residue at the 

pole is given by g(-Dαn
2)/h'(-Dαn

2). In this way the residue of the integrand of eq (A.7) at the 

pole p = -Dαn
2 can be shown to be 
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Hence, summing the residue (A.13) with the infinite set of residues (A.14), and applying eq 

(A.11), the concentration distribution in the barrier slab is 
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The quantity measured in the experiment is v(t), the chamber concentration, which, by eq 

(A.3), is finally 
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If the barrier is impermeable, D = 0, the above expression does not hold. In this case u 

is everywhere zero and the dynamical equation for the chamber concentration is  

 

( ) 0)0(; =−−= vvsvvr
dt
dv

atm       (A.17) 
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which is easily integrated to yield 
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